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Abstract

Generalized semi-infinite optimization problems (GSIP) are considered. The
difference between GSIP and standard semi-infinite problems (SIP) is illus-
trated by examples. By applying the 'Reduction Ansatz’, optimality condi-
tions for GSIP are derived. Numerical methods for solving GSIP are consid-
ered in comparison with methods for SIP. From a theoretical and a practical
point of view it is investigated, under which assumptions a GSIP can be trans-
formed into a SIP.
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1 Introduction

We are concerned with generalized semi-infinite optimization problems GSIP of the
following form:

GSIP: min f(x) subject tozx € M ={z € R" | g(x,y) >0, y € Y(x)}
with Y(z)={y e R" | vi(xz,y) >0, l € L}

and L, a finite index set. If not stated otherwise, we assume, that the functions
f,g,v; are C%-functions and that the set valued mapping Y satisfies

Y : R"— 2% Y(x)CCy, forall z € R" with CyC IR" compact. (1)

For the special case that the set Y = Y(x) does not depend on z, i.e. v(z,y) =
v (y), 1 € L, the problem GSIP is a common semi-infinite problem and will be
abbreviated by SIP. If moreover Y is a finite set then GSIP reduces to a finite
optimization problem.

For a function f(z) the derivative will be denoted by D f(z) and for a function
Wz, y,t) by Dzh, Dyh, Dih (row vectors) we denote the partial derivatives w.r.t.
the variables x, y, t.

For brevity we omit equality constraints in M and Y'(x). The paper is organized
as follows. In Section 2 we give some examples of GSIP and try to illustrate the
difference between GSIP and SIP. Optimality conditions for GSIP are derived in
Section 3 by reducing GSIP to a finite problem. Section 4 treats numerical methods.
We show that the numerical solution of GSIP can be much more difficult than the
solution of SIP. This leads to the question, under which conditions a GSIP can be
transformed into a SIP. We answer this question from a theoretical and a practical
viewpoint. It is shown that a transformation of GSIP to SIP is possible if in all
points of Y (z) the Mangasarian Fromovitz Constraint Qualification (MFCQ) is
satisfied.



2 Examples

In this section we give some examples of GSIP. Chebyshev approximation problems
lead to semi-infinite problems (cf. e.g.[4]) but also to GSIP. We give an illustrative
example.

Example 1  (Chebyshev approximation and reverse Chebyshev approximation)

Let be given f(y) € C?(IR?, IR) and a space of approximating functions p(x,y),
p € C*(IR" x IR?, IR), parameterized by x € IR". We want to approximate f by
functions p(z, -) in the max-norm (Chebyshev-norm) on a compact set Y C IR?. To
minimize the approximation error ¢, leads to the problem:

min € s t. g5 (2,y):=£(f(y) —p(r,y)) <eforall yeY. (2)

This is a SIP, since Y does not depend on (x,¢). The so-called reverse Cheby-
shev problem consists of fixing the approximation error ¢ and making the region
Y as large as possible (see [8] for such problems). Suppose, the set Y = Y(d)
is parameterized by d € IR? and v(d) denotes the volume of Y (d) (e.g. Y(d) =
[—di,d1] X [—da,ds]). The reverse Chebyshev problem then leads to the GSIP (e
fixed).

max v(d) st g5 (zy) =£(f(y) —plz,y)) <eforall yeY(d). (3)

Many control problems in robotics lead to semi-infinite problems (cf. [5]). We give
an example.

Example 2 (Maneuverability problem)

Let ©® = ©(t) € IR™ denote the position of the so-called tool center point of the
robot (in robot coordinates). Let ©, © be the corresponding velocities, accelerations
(derivatives w.r.t. t). The dynamical equation has (often) the form

9(0,0,0) := A(0)6 + F(6,0) = K,

with (external) forces K € IR™. Here, A(©) is the inertia matrix and F' describes
the friction, gravity, centrifugal forces, etc. The forces K are bounded by

K- <K<KT".
For fixed ©, O, the set of feasible (possible) accelerations is given by
Z(0,0)={6| K <g(0,0,6) <K'}

Note that, since ¢ is linear in ©, for fixed (e, ©), the set Z (e, ©) is convex (inter-
section of half-spaces). Let now be given an ’operating region’ @, e.g.

Q={(0,0) e R*™ | (07,067)<(0,0) < (67,67}

with bounds (©~,07) and (©%,0%). Then, the set of feasible accelerations )
(accelerations which can be realized in every point (©,0) € ()) becomes

Zo= () 2(0,0)={6| K <g4(6,0,0) < K", forall (6,0) € Q}.
(©,0)cQ

The set Zp is convex (as an intersection of the convex sets Z). For the steering of
the robot one has to check whether a desired acceleration © is possible, i.e. whether
© € Zy. Often, this check takes to much time due to the complicated description



of Zy. Then, one is interested in a simple body Y (e.g. a ball) as large as possible,
which is contained in Zy. Instead of the test © € Z one performs the (quicker)
check © € Y. Suppose the body Y (d) depends on the parameter d € IR? and v(d) is
the volume of Y (d). Then, to maximize the volume of the body gives the following
GSIP called the maneuverability problem,

max v(d) st K~ < 9(0,0,0) < KT, forall (0,0)cQ, ©cY(d). (4)

Both examples are problems of the following type. The geometrical interpretation
is:

Given a family of sets S(x) C IRP depending on xz € IR", find a ’body’ Y of a given
form and a value T such that Y is contained in S(T) and Y is as large as possible.

The mathematical formulation is as follows. Suppose S(x) is defined by
S(x)={ye RP| g(z,y,t) >0, forallte @}

where @ is a given compact set in IR® and g € C?(IR" x IRP x IR*, IR). Let the body
Y (d) C IRP be parameterized by d € IR (by finitely many inequalities). Let v(d) be
a measure of the size of Y'(d) (e.g. the volume). To maximize v(d) for Y'(d) C S(x)
becomes:

max v(d) st. g(x,y,t) >0 foralyeY(d), teq. (5)

This problem ’contains’ the maneuverability problem (4) (choose n = 0, i.e. no

variable z, t = (O, @), y = 0) and the reverse Chebyshev problem (no t-variable).

We give some illustrative theoretical examples to point out the difference be-
tween GSIP and SIP.

The feasible set M = {z € R" | g(z,y) > 0, y € Y} of SIP is always closed.
This need not be the case for GSIP. Consider the problem with x,y € IR,

min 22 st. <y forall yeY(z)={y|v(zx,y) = (y+1)*+2*><0}.

x

Then

for x
Y(m):{?l forxi?) and M =R\ {0}.
Note that since f(x) = 22 is minimal at z = 0, this GSIP doesn’t have a solution.
This behavior, that M is not closed, can only occur if the MFCQ (cf. Section 5) is
not satisfied for some point § € Y (Z) (the mapping Y is not lower semi-continuous).
In our example, this happens for T = 0, § = —1, where we have v(Z,7) = 0 and
D,v(Z,7) =2(g+ 1) = 0. See also [9, Section 2] for this phenomenon.

Another difference between SIP and GSIP is, roughly speaking, that for GSIP
the feasible set may have re-entrant corners. For SIP this is excluded in the gen-
eral (generic) case (see [10] for a discussion of this phenomenon called disjunc-
tive problems). We give an example of a GSIP with M having re-entrant cor-
ners: (v € R?, y € IR)

M=A{z|g(x,y)=y—22>0, yeY(@)}, Y(x)={y|y>21, y> -2} (6)
The feasible set becomes
M={zx € R | |z1]| > z2} .

Here at the re-entrant corner point Z = (0,0) the MFCQ is fulfilled for the (active)
point 7 = 0 of Y(Z). Such a re-entrant corner is excluded, if Linear Independency



Constraint Qualification (LICQ) is satisfied on Y (Z). (This follows from Theorem 3a
below; under LICQ on Y (x) GSIP is equivalent to a ’smooth’ SIP).

We finally point out that, in contrast to SIP, even if all problem functions of
GSIP are linear, the feasible set need not be convex. The following is well-known

for SIP (e.g. [4]):

If for any fixed y, the function —g(x,y) is convex in z, then the feasible set M of
SIP is convex.

This follows directly from the fact: Given 1, z2 € M, « € [0,1] then
glaw: + (1 — a)rs, ) > ag(e,y) + (1 — a)g(a,) 2 0 for all yeY,
ie. ar1+ (1 —a)rg € M.

For GSIP the situation is more complicated. Consider for example the feasible
set M (of a GSIP) in (6). M is not convex although all functions involved are linear.

3 Reduction Ansatz and optimality conditions

In this section we briefly review the 'Reduction Ansatz’ to obtain optimality con-
ditions for GSIP. For ¥ € M we define the set of active points

Yo(@) ={yeY(@) |g9(xy) =0}.

Obviously, for feasible T € M, any point § € Yy(T) is a (global) minimum of the
following parametric optimization problem (the so-called lower level problem):

Q) : mying(f, y) st. yeY(T). (7)
Given T € M, for 5 € Y (T) we define the active index set Lo(T,7) w.r.t. Q(T),
LO(fvy) = {l €L | Ul(jvy) = 0}

and the Lagrange function with v € RIZo@ )l

Li(z,y,7) = g(z,y) — Y qulz,y). (8)

l€Lo(Z,Y)

By assumption (1), the sets Y (Z) are compact. Thus, for any T, a global minimizer
of Q(T) exists. We will assume, that the following conditions are satisfied for the
lower level problem.

A eq: We have for any g € Yo(T):
1. LICQ: Dyw(Z,7), l€ Lo(T,Y) are linearly independent.
2. Kuhn-Tucker condition: — There exists a multiplier ¥ € RI“0@D| such that
DyLY(Z,3,7) =0
and 7y, >0, 1€ Ly(%,7) (strict complementary slackness).
3. The second order condition (SOC): With 7 in 2.,
nTDiﬁy(f, 7,¥)n >0, foral neT(z,7)\{0}

where T(T,7) = {n € R" | Dyu(T,7)n =0, | € Lo(T,7)}.



We obtain the following stability result.

Theorem 1  Suppose, for T € M, that the assumption Ayeq is satisfied. Then,
the set Yo(T) (possibly empty) contains only finitely many points,

YO(E) = {ylv e 7yp}
and for any 5 € Yo(T) (i.e. B/ is a minimizer of Q(T )), the following holds: ‘
There exist a neighborhood U of T and C*-functions y? : U — IR", y(T) =9, v
U— IR, ’yf(f) = 7{, le Lo(Zv),7 =1,---,p, such that for any © € U the value
yI(z) is a local minimizer of Q(x) (locally unique near 7’ ) with corresponding mul-
tipliers i (z). The value functions g;(z) = g(z,y’ (x)) are C*-functions satisfying
for x € U with the Lagrange functions L7 := L7 in (8) the relations,

Dgj(w) = Duli(aw,y(2), (@) S
Digi(a) = DAL,y (@),77 () = DTy (2) D3 (w7 ()77 (2)) Dy ()

— Y D'y (@)Douilx,y’ (x)) + DLui(x,y’ (x) D (x).
leLo(T,57)

Proof. The proof is done by applying the implicit function theorem to the following
Karush-Kuhn-Tucker equations for Q(x), near (z,3’,7”), with Lagrange functions

LI =LV (cf. (8)):

_ DyLi(z,y,y) = 0
FEv)= uiy) = 0 leL@w).

Under assumption A,cq the Jacobian D, ) F(Z, 77,77) is regular and the formula
for Dg;(z), D?gj(x) can be obtained by implicitly differentiating the equation
F(z,y’(x),7’(x)) = 0. For more details we refer to [7]. O

Let the assumptions of Theorem 1 hold. Then, in a neighborhood U of T the feasible
set M of GSIP can be described by finitely many constraints:  For any x € U we
have ‘

Consequently, T is a local minimizer of GSIP if and only if T is a solution of the
following reduced problem

GSIPrea(®):  minf(z) st gj(x) =g(x,y'(2)) 20, j=1,-,p. (10)
GSIP,.q(T) is a common finite optimization problem. Thus, the standard optimal-
ity conditions of finite optimization can be applied to obtaln optimality conditions

for GSIP. To that end we define the cone

C(@) ={¢€ R" | Df(T)¢ <0, Dg;(T)E >0, j=1,---,p}

and the Lagrange function (of the upper level)
L(w,p) = pof(x Zuyga

The following Theorem gives necessary and sufficient optimality conditions of F.
John type for GSIP. For more details, necessary conditions and sufficient conditions
under weaker assumptions, see [7] but also [9].



Theorem 2  Suppose, for T € M, that the assumption Areq is satisfied such that
by Theorem 1, in a neighborhood U of T, GSIP can be locally reduced to GSIP,¢q(T)
according to (10). Then the following holds.

a. Suppose, T is a local minimizer of GSIP. Then, to any £ € C(T) there exists a

multiplier @ > 0 such that (with DIE, Di[ﬁ given below)
D.L(Z,7) =0 and ¢TDXL(Z.H)E>0.

b. Suppose, for any & € C(T) \ {0}, that there exists a multiplier w > 0 such that
DL(TE @) =0 and ¢TD2L(T,H)E>0.

Then T is a (strict) local minimizer of GSIP.

The expressions for D L(T,70) and D2L(T, ) read:

DA 7) = poDf@) — S 1, Deg® ) + ST, ( S 5D, yﬂ‘))

J=1 Jj=1 1€Lo(Z,y7)

D2L(E. 1) = noD*f(T) — Y 7, D9, 7)+ > 1, D"y (@) DL (7,7, 7 ) Dy’ ()

J=1  1eLo(z,3?)

(the first and second terms in D, L(Z, i) and D2L(T,Ti) are present in finite opti-
mization, the third term in D2£(m 7) is the additional term for SIP and the third
term in D, L(T, ) and the fourth term in D2L(T, ) are typical for GSIP, contain-
ing the dependence of v; (andY ) on x.)

Proof. The formulas for D, £ and Dgz follow immediately by using the formulas
for Dg;, D?g; in Theorem 1. ]

4 Numerical methods

In this section we briefly discuss the question of how to compute a solution of GSIP
numerically. For a review of methods for SIP we refer to [6], [2] (see also [1]). Below,
it will be shown that the numerical solution of GSIP might be much more difficult
than the solution of SIP.

Note that with the lower level problem Q(z) (cf. (7)) the GSIP can equivalently
be stated as:

GSIP: min f(z) s.t. g(z,y(z)) >0, where y(z) is a global solution of Q(x).

In this form, GSIP has the form of a so-called bi-level problem.

We firstly turn to a method based on local reduction as described in Theorems 1
and 2. This method can directly be generalized from SIP to GSIP. We give a con-
ceptual description (see [6, Section 7.3]).



Algorithm

Step k: Given z* (not necessarily feasible)
1. Determine the local minima y?!,---,yP* of Q(x*).

2. Apply Ny steps (of a finite programming algorithm) to the locally reduced
problem (cf. (10)) with y7(z) the local solutions of Q(x) (cf. (7)),

GSIPred(xk) : mlnf(x) s.t. gj(x) = g(xvyj(m)) 2 0; ] = ]-7 oy DE

leading to iterates z*, i =1,---, Nj.
3. Put 2t = 2PN and k =k + 1.

The iteration in sub-step 2 can be done by performing ’sequential quadratic pro-
gramming Newton’ steps applied to the Karush-Kuhn-Tucker system of GSIP,..q(z%).
For a discussion of such a method combining globally convergence and locally super-
linear convergence we refer to [6].

Unfortunately, there arise serious difficulties when trying to generalize the so-
called exchange or discretization methods from SIP to GSIP. A detailed description
of these methods for SIP can be found in [6, Sections 7.1,7.2]. For brevity we will
only point out the difficulty. Both methods make use of a discretization of the set
Y.

For SIP, this results into a finite problem

SIP,; : min f(z) s.t. g(z,y) >0 forall yeYy
€T

where Y; C Y is a finite discretization of the compact set Y. For GSIP we would
have to choose finite discretizations Yy (z) of Y (z) and to solve

GSIP;: min f(z) st.x € My:={xe€R"|g(z,y) >0forall yeYyx)}

This problem represents a (finite) optimization problem of which the number (and
quality) of the constraints may change with x. There are no standard procedures
for solving such problems GSIP,.

Problems GSIP; may have all undesirable properties of a GSIP. Even if for the
corresponding GSIP the feasible set M is closed, this need not to be the case for
the set My of GSIP,4. Consider an illustrative example of a set My :

{-1,1} if >0

Mg={zeR|g(x,y)=x—y >0, y<Yy(x)}, Yalx)= {{_1} £ 7 <0

We find
My=[-1,0)U[l,00) .

In view of these difficulties it is important to investigate which type of GSIP can be
transformed to a problem of simpler structure. In [12] a class of GSIP is investigated
which can be solved approximately by solving a finite number of convex problems.

5 Transformation of GSIP into SIP

In this section we ask under which conditions a GSIP can be transformed into a
SIP. In [14] it has been pointed out that this transformation can be done (at least
theoretically) under appropriate compactness assumptions and the assumption that
LICQ is satisfied on Y (z). On the other hand, in [3] it has been shown that if



the MFCQ is satisfied on Y (Z), for = near T, the feasible sets Y (z) of the lower
level problem are homeomorphic to Y (Z). Thus, a transformation of GSIP into
SIP should be possible under MFCQ. Before stating the results we introduce two
assumptions.

Anrcq:  Suppose, g vy € CHIR™ x IR",IR), | € L. The following is valid with a
compact set K C IR", such that M N K # (.

1. The mapping Y satisfies condition (1).

2. Forallx, y, v € K, y € Y(x) the Mangasarian Fromovitz Constraint Quali-
fication holds:

there exists £ (= &(x,y)) such that Dyv(z,y)§ >0, 1€ Lo(z,y) (11)

Aricq:  The following is valid with a compact set K C IR™, such that the condition
Amrcq holds with MFCQ (cf. (11)) replaced by the stronger Linear Independency
Constraint Qualification:

the vectors Dyvi(z,y), 1€ Lo(z,y) are linearly independent.

Let in the sequel S™ denote the unit sphere, S™ = {b € IR" | ||b|]| = 1}, and
B(y), £ >0, the ball Bx(y) = {y € R" | |ly —yl| <~}

Theorem 3  (Transformation of GSIP into SIP)

a. Let be given GSIP such that Aprcq is satisfied. Then, there are finitely many
Cl-functions G’ (x,z) and sets Z9 = [a],b]] x -+ x [al,b]] in R", j = 1,---,P,
such that

reEMNK <<= Gi(z,2)>0 foral z€2Z%, j=1,---,P.

b. Let be given GSIP such that ,AMFCQ is satisfied. Then, there are finitely many
Lipschitz continuous functions ¢’ (x,b,7), j=1,---, N, such that

rteEMNK <<= ¢ (z,b,7)>0 forall beS", 7€[0,1], j=1,---,N.

Proof.

a. A detailed proof can be found in [14]. The proof is based on so-called standard-
diffeomorphism which by using coordinate-transformations, locally near a given
point (Z,7), T € K, T € Y(T) transforms the set Y (x) to canonical form.

b. Let be given 2/ € K, y/ € Y(27). Let & be a MFCQ-vector satisfying for
(27,17) the conditions (11) and ||&y|| = 1. Define the point

yl =y + p& (12)

with p > 0 (which will be chosen later). Taylor expansion of v;(z7,y? + p&y) around
(29, y7) shows that for small p > 0 we have y! € int Y (y7). For fixed [ € Lo(x?, y?)
we define o
fl _ Dy”l(m]7yj) .
IDyvi (2, y9)||
The MFCQ implies —5551 < 0. Now, consider a vector b € S” such that ETfl < 0.
By choosing p > 0 small enough (cf. (12)), there exists a minimum value ¢ = ¢ such

that for b = b the ray '
yl + tb, t>0

intersects the solution set of v;(27,y) = 0 near y/. We apply the implicit function
theorem to the equation

F(J?,b,t) = Ul(xvyi + tb) =0



(for (z,b,t) near (z7,b,%)). This is possible since by ETfl < 0 we have Dy F(a/, b,1) =
Dyvl(aﬂ,y* +1b) b ;é 0 (here we use yi + th ~ 4/ and D vl(acj,yj) b # 0). Conse-
quently, there exist neighborhoods U x V of (27,b) and W of ¥ and a C'-function
t:U x V — W such that ¢(z7,b) =  and the value ¢(x,b) is the unique solution in
W of

vy(, yd + t(x,b)b) = 0, (z,b) €U X V.

Consider, with € > 0 (small) such that —¢(7¢! =: —eg < —e¢, the compact set
C.={be S |bTe < —¢}.

By standard arguments using the partition of unity we can glue together finitely
many of the functions ¢(z,b) constructed above, which were defined locally near
points (27,b), b € C. such that the following holds:  There exist p > 0 and a
neighborhood U' of 27 and a C'-function # : U! x C. — IR, t!(27, —&) = p such
that for (z,b) € U' x C. ,

ule,yl + 7t (2, b)b) 20 (=0) <= 7€[0,1] (r=1).

Using the formula —bT¢! = cos ¢, for the angle ¢ between b and —¢, we find for
b e C. (small p (cf. (12)),

: (a7, ¢
t'(a7,b) = ET@“I) +0(p) -
By continuity, in view of t!(27,-&) = p, — &€ = —ep < 0 we can choose

€1, €2, €3 such that eg > €1 > €2 > €3 > 0 and such that for all x € U' it fol-

lows: ; -y
l <2 il BT < g
ta,b) { >2 i ey < HTE < —e5.

By defining for z € U'

9 _f min{2p,t!(x,b)} for be C,,
t(x’b)'_{2p for be S"\C,, ,

we obtain a Lipschitz function t'. By construction, for (z,%) in a neighborhood
Ul x Ba,(yl) of (z7,y7), we have

v(r,y) >0 <= y=1v) +7t(z,b)b with 7€[0,1], beS".  (13)

This construction can be done for any [ € Lo(27,y?) (with a common choice of a
small p for all [). Then, we put

ti(z,b):= min  #(z,b) and Uj Z:mleLO(Ij’yj)Ul. (14)
€Ly (x7,y7)

As the 'minimum’ of Lipschitz functions, this function ¢; is also Lipschitz continuous.
Using (13), for z in the neighborhood U; of 7, we have

Y (2) N Bap(yl) = {y = yl +7t(w,0)b | 7 €[0,1], be S} .
This implies that for € U; the following two conditions are equivalent:

glz,y) >0 forallz € U;, ye Y(x)N ng(yﬂ)

. . 1
¢ (z,b,7) := g(z,yl + 7t;(x,b)b) > 0, forall7€][0,1], beS". (15)

By an appropriate partition of the unity in IR™ we can define a Lipschitz function
(still denoted by g7) which is zero for IR™\ U; but coincides with the function g7 (cf.



(15)) on a smaller neighborhood U; contained in U;. By the assumption Ay roq,
the set S = {(z,y) | * € K, y € Y(x)} is compact. Hence, S can be covered by
finitely many neighborhoods U ;X Ba,(yl) of points (27, y7) € S. The corresponding
functions ¢/ (x,b,7), j = 1,---, N, are Lipschitz continuous on IR™ x S” x [0, 1] and
in view of the the equivalence of the constraints in (15) the statement follows. O

Remark 1 In the proof of Theorem 3b we have constructed functions t;(z,b)
(cf. (14)). For any point (z7,y7) with 4/ on the boundary of Y (27) these functions
t;(z,b) locally near 27 yield a parameterization of the boundary of Y (z). Hence, this
construction implicitly contains the following result: If Y(Z) satisfies MFCQ, then
locally near T the boundaries 0Y (x) are (Lipschitz-) homeomorphic to 9Y(Z). Our
proof is similar but more elementary than the construction used in [3, Theorem B] to
obtain this result (among others). We also refer to [14], where a related construction
has been used to obtain optimality conditions for GSIP.

Under further convexity assumptions, the local transformation used in the proof of
Theorem 3 yields a global transformation of a GSIP into SIP.

Ag:  Let be given an open set Ko C IR™, (KoNM # 0), such that for all x € K, the
sets Y (x) are star-shaped in the following sense: There exist continuous functions
c: Kyg— IR", r: Ky xS" — IR, satisfying for all x € Ky, b€ S”

o(x) + 7 7z, b)b { ;@téfz)’ ZEE??O) (16)

Here the interior of Y (x) is denoted by int Y (x). Note that since Y (x) is closed this
implies that c(x) 4+ r(x,b)b, b € ST is a parameterization of the boundary Y (z).

The following lemma gives a sufficient condition for Aj.

Lemma 1  The condition A is fulfilled if the following holds on an open set
Ko C IR (KoﬂM#(b)

i. The set-valued map satisfies (1) for all x € K.
ii. For any x € Ky the Slater condition is satisfied, i.e. there exists a point

y € IR" such that vi(x,y) > 0, | € L. (This in particular implies that the sets
Y (x) have inner points.)

iii. For any x € Ky the functions —uvi(z,y) are convex functions of y € R" and
v € C(Kgx R",R), l € L.

Proof. By conditions i and iii all sets Y (z) are convex and compact. Let T be
fixed and ¢ be an inner point of Y'(Z). We firstly show, that for any (fixed) z in a
neighborhood U of T and b € S” there exists a value r(x,¢,b) such that

_ €intY(z), 0<t<r(z,cb)
c+tb { ¢ V), t>r(neb). (17)
To this aim we choose U such that ¢ € int Y (z) for all z € U and define
h(z,¢,b,t) := 1;%1{1 vy (x, ¢ + tb) (18)

which is continuous (in x, ¢, b and t). We have h(z,¢,b,0) > 0 and for a value t,,, >0
(large enough) h(x,¢,b,ty) < 0 for all b € S (since Y (z) is bounded). Note that
since —v;(z, y) are convex in y, the function —A is convex in ¢. Since h is continuous
and the upper-level set {¢t > 0| h(z,¢,b,t) > 0} (C [0,]) is compact the following
function is well-defined,

r(z,¢,b) := argmax{t > 0 | h(z,¢,b,t) > 0} . (19)
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Using convexity, it follows easily that for the solution function r(z, ¢, b) the relations
(17) hold. Moreover, by continuity arguments, this function r(x, ¢, b) is continuously
depending on z € U, b (and ¢). Now, we will show that we can choose a continuous
function c(x) such that c(z) € int Y (x) for z € K. For x € U we obviously have
constructed a parameterization of Y (z) of the form

Y(z)={y=c+tb|beS", t€[0,r(z,CDb)]}.

Hence, with the transformation 7" : [0,1] x S” — IR" given by T'(t,b) = €+ tb, the
volume v(z) and the bary-center c(x) of the convex sets Y (x), « € U are given by:

r(z,c,b)
Y (z) bes™ JO

1

r(z,c,b)
z) = _/ ydy:/ / (¢ + tb) | det DT(t,b)| dt db .
v(x) Y (z) besT JOo

Obviously, both functions v(z), c(z) are continuous. We finally show, that ¢(x) is
an inner point of Y (z). To do so, consider for fixed = the support function (with
de ST

s(d) := max dTy.
(d) hax 'y

In convexity theory it is well-known that a point ¢ is an inner point of the convex
set Y (z) if and only if,
s(d)>d"c  forall deS"

(cf. e.g. [13, Theorem 13.1] ). Since ¢ is an inner point of Y (x) by choosing U
sufficiently small we can assume that there exists k > 0 such that the ball B, (¢)
lies in the interior of Y (z). Consequently we obtain for any d € S”

() ~d"elw) = == [ @) —d"y) e | @ "y dy >0,

ie. ¢(z) € int Y(z). Now, we choose ¢ = ¢(z) and put r(x,b) := r(z,c(x),b) (cf.
(19)). Then, by substituting ¢t = 7 r(z, b), the relation (17) is equivalent with (16)
and the functions ¢(x) and r(z,b) satisfy the conditions in A,. O

Under the assumption A, the GSIP can be transformed into SIP.

Theorem 4  Suppose that the assumption A is fulfilled in the open set Ko C IR",
(KoNM #0).

a. Then, the problem GSIP restricted to Ko can be written equivalently in the form
of the following SIP:

min f(z) st x€ Ky and

9(z, b, 7) = g(x,c(x) + 7 r(x,b)b) > 0 for allbe S™, 7 € [0,1] (20)

b. If moreover, for any fized x, the function —g(x,y) is convezr in y € IR", then
the inequality constraints in (20) can be replaced by

g(x,b) := g(z,b,1) = g(z,c(x) + r(x,b)b) >0 for all be S". (21)

Proof.
a. The proof follows immediately by noticing that A implies

Y()={ye R" | y=c(x) + 7 r(z,b)b, beS", 7€0,1]}.
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b. It suffices to show that we have (for fixed x € Kj)
§(z,b,1) >0, beS = gla,b7)>0, beS", rel0,1]. (22

Obviously, the points y = ¢(x) + 7r(z, —b)(=b) and y = c(z) + 7r(z,b)b, 7 € [0,1]
are points on the line segment between y~ := c(z) + r(z, —b)(=b) and y* =
¢(x) + r(x,b)b. Using the convexity of —g w.r.t. y the relation (22) follows. O

Remark 2 Evenifin Theorem 4 in addition to A; we would assume that Arcq is
satisfied, the functions r(z,b) and then § would only be Lipschitz continuous but in
general not C'-functions. So, to solve the transformed problem (20) we cannot use
the 'Newton-method’ but we have to apply a discretization method. We emphasize,
that for an application of the transformation in Theorem 4 we need not have these
functions c(z), r(z,b) explicitly. We only have to compute the corresponding values
on every actual discretization.

Often, additional conditions on the problem functions (such as linearity) can be
used to get a simpler transformation of the GSIP into a SIP. When for example the
conditions of Lemma 1 and of Theorem 4b are both satisfied, then, the conditions
g(z,y) > 0 only need to hold for all extreme points of Y (x). A special class of
variational problems is treated in [11]. For an example in connection with the
maneuverability problem we refer to [5].
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