Examination: Mathematical Programming | (158025)
June 30, 2003, 13.30-16.30

Ex.1 Prove the following statements.

(a) LetA € R™™ be a given matrixrfy < n). ThenATA is positive definite if
and only ifA has full rank(m).

(b) Forasymmetri¢n x n)-matrixA the following holds:A is positive semidef-
inite if and only if all eigenvalueg.; of A are non-negativer[ > 0, j =
1,...,n).

Ex.2 Consider the primal-dual pair of linear problems:

(P) maxc'x st Ax<b
XeR"

(D) minb'y st ATly=c, y>0

yeRM
Show the following:

(a) There exists a feasible point for (i.e. a point satisfyingA\'y =c, y > 0)
if and only if cTx < 0 is implied byAx < O.

(b) Letthe feasible sefp = {x | AX < b} be non-empty. Show:
The valuef (x) = c"x is bounded from above ofs if and only if c'x < 0
is implied byAx < 0.

Ex. 3
(@) Show thatf(x) = |IX|| (IIx|| any norm onR") defines a convex function
f:R"> R.
(b) Let g:R"— I, I ¢ R be convex andf : | - R be convex and non-

decreasing. Show that the compositiba g(x) = f(g(x)) of the functions
f andg is convex.

(c) Show : The functiorf (x) = /X! is convex orR" (for any normj||x|| onRR").



Ex. 4
(@) Letf : (a,b) > R be a convex function. Show for alle (a, b) :
() ={deR|f (x) <d< f (X}

(b) Determine the subdifferentials for the functidx) = |x*> — 1| at the points
Xo = 0, X = 1, andx, = 4. (Is the functionf convex?).

Ex. 5 Given the functionf : R? > R,
f(x) =x3+e¥ —3xe® .

(a) Find the critical points (i.e. points satisfyingf (x) = 07, X = (Xy, X)) of
the functionf and determine the local minimizers.

(b) Does there exist a global minimizer or a global maximizef @n R" ?

(c) Suppose we apply the steepest descent methdd t@vhat can you say
about the (local) convergence properties. (Quadratic or linear convergent?
Give an estimate for the convergence factor.)

Points: 36+4 =40
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The scipt 'Mathematical Programming I’
may be used during the examination. Good luck!
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