Ex. 4 Consider the problem (in connection with the design of a cylindrical can with height h, radius r
and volume at least 27 such that the total surface area is minimal):

(P): min f(h,r):=2n(r2+rh) st —ar’h < —2m, (and h > 0,r > 0)

(a) Compute a (the) solution (E, 7) of the KKT conditions of (P). Show that (P) is not a convex
optimization problem.

(b) Show that the solution (h,7) in (a) is a local minimizer. Why is it the unique global solution?
Hint: Use the sufficient optimality conditions

Solution:
(a) We first note that the functions f(h,r) = 27 (r? +rh) and g(h,r) := —mr2h+ 27 are not convex
(for h > 0). For the objective function f,e.g., this follows by:
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Vf—27r<2r+h>, V f—27r<1 2) and thus: det V°f <0

We now consider the KKT condition: (Vf = —uVg,g <0,u-g=0)

So consider: 2”(27;11) = pm (Q’fh) (%):

Case 1 = 0: leads to 27 (,,", ,) = 0 with solution (h, ) = (0,0) which is not feasible.

Case 4 > 0 and thus 7r2h = 27:

The 2 equations in () lead to y = 2/r and then 2(2r + h) = 22rh or h = 2r. By using the (active)
constraint we find nr?h = 2mr® = 21 with solution 7 = 1. So the unique KKT solution is given by
(h,7) = (2,1),7i = 2.

(b) (We apply the second order sufficient conditions to the nonconvex program (P)).

So we will show (for the cone of critical directions C'(h,T)):

d'V2L(h, 7, m)d >0 VYd e C(h,7)\ {0} (%)

We compute

Vf(h,T) = 27r<i>,Vg(h,r) = —WCL), V2L(h, T, 1) = 277((1) ;) +2(—m) <g i) = —QWG) ;)

and

C(h,T) {deR?* | Vf(h,7)Td<0,Vg(h,7)Td <0}

= {deR?| G)ngo, —G)ngm
= {>\<_14> | A e R}

For d = A\(—4,1)T, X\ # 0 we obtain (see (%x)):

A(—4,1)(—2m) <(1) ;>/\(_14> = .. =22216>0 VYA#£0.
So (h,7) = (2,1) is a local minimizer.

It is the unique (global) minimizer since the point is the only KKT point.

Note that since the linear independency constraint qualification holds (for r, A > 0) any local mini-
mizer must be a KKT point. Also note that for feasible ||(h,7)|| — oo also f — oo holds. (To show
the latter fact is technically “involved” and was not expected to be done.)



