Some properties of an upper bound for μ

Gjerrit Meinsma, Yash Shrivastava and Minyue Fu

Abstract— A convex upper bound of the mixed structured singular value μ is analyzed. The upper bound is based on a multiplier method. It is simple, it can exploit low-rank properties and it is shown to be less conservative than the well-known (D, G)- scaling. A direct relationship with (D, G)-scaling is given. The upper bound can be modified to one that is continuous with an explicit Lipschitz constant.

Keywords— Mixed structured singular values, linear matrix inequalities, multipliers.

I. Introduction

One of the nagging problems of robust control is to determine whether or not a system remains stable and retains satisfactory performance qualities under variations and uncertainties of some sort. In an attempt to get a handle on the problem, Doyle [8] introduced in 1982 the structured singular value. The definition of the structured singular value, or μ for short, is such that robust stability/robust performance of the control problem is equivalent to μ being less than 1. Originally μ was defined for problems where the performance is measured by an H∞-norm and the uncertainties come in the form of structured complex matrices, such as due to neglected dynamics. It was soon realized, however, that the definition μ could be extended to handle real parametric uncertainties as well. This extension of μ is known as the mixed structured singular value [9].

Unfortunately, in its full generality the test “μ < 1?” is NPhard [5], [17], and, as such any attempt to develop polynomialtime algorithms for the general case seems futile. At present efficient algorithms work for special cases only, or, if they do work for the general case then they provide only sufficient conditions (see Young, Newlin and Doyle [20] and the survey papers by Packard and Doyle [16] and Barmish and Kang [2]). The role of upper bounds of μ is that they provide such sufficient conditions. Of the computable upper bounds of μ that have been reported the best at present that can handle the general μ problem are those by Fan, Tits and Doyle [9] and Fu and Barabanov [11].

In this note we examine an upper bound of μ based on what is called the multiplier method. The idea of the multiplier method is that nonsingularity of a family of matrices T is ensured if for some matrix C we have that CT + T^∗C^∗ > 0 for all T ∈ T . Note that the condition CT + T^∗C^∗ > 0 is convex in the variable C. The idea is not really new, although its application for the general μ problem was only recently realized by Fu and Barabanov [11]. The multiplier approach is extremely simple and, as Fu and Barabanov showed, it is readily translated using the S-procedure into linear matrix inequalities (LMIs) and generalized eigenvalue problems (GEVPs). LMIs and GEVPs are nowadays efficient to solve (see Nesterov and Nemirovsky [15] and Boyd et.al. [4]). The simplicity of the multiplier method may give the impression that the upper bounds of μ derived from it are conservative. Interestingly, however, the best advocated upper bound of μ by Fan, Tits and Doyle [9] can be seen as an example of the multiplier method and turns out to be more conservative than—or, at best, equal to—any of the upper bounds derived in [11] from the multiplier method.

Department of Electrical and Computer Engineering The University of Newcastle, University Drive, Callaghan N.S.W. 2308, Australia. Phone: +61-49- 217023, Fax: +61-49-216993, E-mail: meinsma@pascal.newcastle.edu.au

We collect in this note some general properties of the multiplier method and the upper bound of μ it induces. Section II introduces notation and some well established results. Section III discusses the multiplier method. Firstly we show that the upper bound of Fan, Tits and Doyle [9] is more conservative than the general multiplier method. This fact was realized already by Fu and Barabanov [11], but here we provide an explicit relationship. In Section IV we show that many variations of the multiplier method are equivalent. This result allows us to exploit low-rank conditions to reduce the computational cost without any conservatism. We briefly comment on the lack of continuity of μ and its upper bounds, and how the multiplier method may be modified to recover continuity. Owing to the simplicity of the method we obtain Lipschitz continuity with an explicit Lipschitz constant.

II. Preliminaries

In this section we summarize material that we need later. The mixed structured singular value is defined and we briefly review (D, G)-scaling and the generalized eigenvalue problem.

The norm ‖T ‖ of a matrix T is in this note the spectral norm. T^∗ is the complex conjugate transpose of T and the Hermitian part He T of T is defined as

He T = 1 2 (T + T^∗).

Given a subset X of C^{n×n} we use BXto denote the unit ball in

X:_B

X= { Δ ∈ X : ‖Δ‖ ≤ 1 }.

Given X the mixed structured singular value of M, denoted by

μX(M), is defined as the infimal value of α > 0 for which all el-

ements of the set I −^1_α BXM are nonsingular. Obviously μX(M) depends on the “structure” X. Invariably, the structures considered are of the form

X = diag (RIk_1 , . . . , RIk_{mr} , (1) C Il_1 , . . . , C Il_{mc} , C^{f1 ×f1} , . . . , C^{fmC ×fmC} ), where mr, mc and mC are the number of repeated real scalar blocks, repeated complex scalar blocks and full complex blocks, respectively.

A. (D, G)-scaling, LMIs and GEVPs

Let H^q denote the set of q × q Hermitian matrices and de-

note its subset of positive definite elements by P^q. Given the structure X of (1), the sets DXand GXare defined as

DX = diag (P^{k1}, . . . , P^{kmr} , P^{l1}, . . . , P^{lmc} , PIf_1 , . . . , PIf_{mC} ), GX = diag (H^{k1} , . . . , H^{kmr} , 0l_1×l_1 , . . . , 0l_{mc} ×l_{mc} , 0f_1×f_1 , . . . , 0f_{mC} ×f_{mC} ). Note that for all Δ ∈ X, D ∈ DXand G ∈ GXwe have that DΔ = ΔD; D^{1/2}Δ = ΔD^{1/2}; ΔG = Δ^∗G = GΔ. Given M we define Φα(D, G) as Φα(D, G) = M^∗DM + j(GM − M^∗G) − α^2D. This notation is a bit different from that of [9]. Fan, Tits and Doyle [9] showed that μX(M) < α if α > 0 and Φα(D, G) < 0 for some D ∈ DXand G ∈ GX. So, in particular the α that solves the constrained minimization problem

minimize α subject to Φα(D, G) < 0, α > 0, D ∈ DX, G ∈ GX (2)

is an upper bound of μX(M). This minimum α is denoted as

νX(M). The minimization problem (2) is an example of a gener-

alized eigenvalue problem (GEVP). A GEVP is a minimization problem of the form

minimize α∈R,x∈Rq�p^α subject to αB(x) − A(x) > 0, B(x) > 0, E(x) > 0

where A(x), B(x) and E(x) are square symmetric matrices depending affinely on the variable x ∈ R^{q×p} . For GEVPs efficient polynomial-time algorithms exist [15], [4], [12]. A linear matrix inequality (LMI) in the variable x ∈ R^{p×q} is an inequality E(x) > 0 where E(x) is a square symmetric matrix affine in x.

III. The multiplier method

In this section we examine an upper bound of μXthat relies on the multiplier method as developed by Fu and Barabanov [11]. In particular we provide a connection with (D, G)-scaling. At the basis of the multiplier method lies the trivial observation that

a square matrix T is nonsingular if there is a square matrix C such that He CT > 0.

This is easy to see: If T is singular with T v = 0, v ≠ 0 we get for any C that v^∗(CT + T^∗C^∗)v = 0, contradicting that CT + T^∗C^∗ = 2He CT > 0. The matrix C is called multiplier because of its links with the Popov multiplier, although it is not quite the same as that of Popov [18]. Popov style multipliers, in the modern setting, appear in the work of Safonov and others— see [7], [14]—and they are in way equivalent to (D, G)-scaling (see [1]). The approach we use here can be traced back to an idea by Brockett and Willems [6] from 1965. The following result is immediate.

Theorem III.1: μX(M) < α for an n × n matrix M if there is a single multiplier C ∈ C^{n×n} such that

He C(In −^1_α BXM) > 0. (3)

By (3) is meant that all elements of the set C(In −^1_α BXM) have positive definite Hermitian part.

If C satisfies (3) we say that C is a feasible multiplier for the set In −^1_α BXM. The infimal α for which such a feasible multiplier C can be found is thus an upper bound of μX(M). For later reference we call this upper bound ^μX(M):

^μX(M) := inf{α > 0 : ∃C s.t. He C(In −^1α BXM) > 0 }. (4)

Even though the inequality (3) is convex in C, computation of ^μXis generally not possible due to the infinite family^1_α BX. There is an exception. If the structure X has real components only, that is,

X = diag (RIk_1 , . . . , RIk_{mr} ), (5)

then by convexity (3) holds for multiplier C iff the finitely many LMIs

He C(In − ΔM) > 0 ∀Δ = 1 α diag (±Ik_1 , . . . , ±Ik_{mr} ), (6) are satisfied. Minimizing α > 0 over all C subject to (6) is a GEVP. Thus it seems that computation of ^μXis well suited for the real case. This is in contrast with (D, G)-scaling which is primarily useful for the non-real case. In any case, real or not, the following holds.

Theorem III.2: For every structure X and matrix M we have μX(M) ≤ ^μX(M) ≤ νX(M). In particular, if Φα(D, G) < 0 with D ∈ DX, G ∈ GXthen C = α^2D + jM^∗G satisfies (3).

Proof: Let C = α^2D + jM^∗G. It is readily verified that for every Δ ∈ X we have

2He C(I − ΔM) = C(I − ΔM) + (I − ΔM)^∗C^∗ =

−Φα(D, G) + M^∗D^{1/2}(I − α^2Δ^∗Δ)D^{1/2}M (7)

+α^2(D^{1/2} − ΔD^{1/2}M)^∗(D^{1/2} − ΔD^{1/2}M).

Therefore He C(I − ΔM) > 0 for all Δ ∈^1_α BXif Φα(D, G) < 0.

In (7) we used the fact that for every Δ ∈ X we have D^{1/2}Δ = ΔD^{1/2} and GΔ = Δ^∗G.

So (D, G)-scaling can be interpreted as being a restrictive special case of the multiplier method. On the other hand, while

νXis efficient to compute, computation of ^μXis generally pos-

sible only for real-valued structures (5) and even then care has to be taken since the computational cost grows exponentially with the number of real blocks mr. In [11] it is explained how to combine the advantages of the multiplier method with the advantages of (D, G)-scaling. Loosely speaking the idea is to apply the multiplier method on the first, say, 5 real blocks, and to apply (D, G)-scaling on the remaining real blocks (and complex blocks). As shown in [11] these combined computable upper bounds of μXare less conservative than νX. It remains to be seen how these upper bounds compare to (D, G)-scaling in combination with a gridding of the real parameter space, which is an alternative method to reduce conservatism of the upper bound νX. We end this section with an example that shows that ^μXis generally strictly less than νX.

Example III.3: We derive in this example the values of

μX(M), νX(M) and ^μX(M) for the case that X = [ R 0_0 R ] and M = [ 0 1 j 0 ] . For all Δ = diag (δ1, δ2) ∈ X the determinant det(I2 − ΔM) equals 1 − jδ1δ2. This is nonzero irrespective of the values of δ1 ∈ R and δ2 ∈ R, hence μX(M) = 0.

For this example DXis the set of diagonal positive definite matrices, and GXis the set of real diagonal matrices. With D ∈ DXand G ∈ GXwritten as D = diag (d1, d2) and G = diag (g1, g2) we get that Φα(D, G) = M^∗DM + j(GM − M^∗G) − α^2D = [ d2 − α^2d1 jg1 − g2 −jg1 − g2 d1 − α^2d2 ] . (8)

Based on the diagonal elements of (8) it can be seen that Φα(D, G) < 0 for some D ∈ DXonly if α^2 > 1. On the other hand, (8) is negative definite for every α^2 > 1 if we choose d1 = d2 = 1 and g1 = g2 = 0. Hence νX(M) = 1.

For C = I2 and Δ = diag (δ1, δ2) ∈ X we have that

He C(I2 − ΔM) = [ 1 (jδ2 − δ1)/2 (−jδ2 − δ1)/2 1 ] . This is positive definite for all real δi satisfying |δi| < √ 2. Hence

^μX(M) ≤ 1/^√2. A further technical analysis shows that ^μX(M)

is in fact equal to 1/ √ 2. So, for this example none of the bounds are the same: 0 = μX(M) < ^μX(M) = 1/ √ 2 < νX(M) = 1.

IV. Equivalent multipliers

The multiplier method has many variations. For example, instead of trying to find a multiplier C such that (3) holds, it might perhaps be advantageous to try to find a scalar c for which

He c det(I − ΔM) > 0 for all Δ ∈^1_α BX. (9)

If such a c exist then again μX(M) < α. In this section we discuss a few of these variations. We show that certain variations are equivalent in that they induce the same upper bound of μX. The class of equivalent multiplier methods includes one that exploits low-rank properties of M, but it does not include the one in (9).

Numerous robust stability problems require computation of

μX(M) in which the matrix M has low rank. In fact, M is often

constructed from tall matrices P and Q as M = QP^∗, with P and Q readily given by the problem at hand:

Example IV.1: Let {A0, . . . , Am} be a collection of q × q matrices and let A be any q × q matrix of the form A = A0 + δ1A1 + · · · + δmAm, −1 < δi < 1. It is well known that the uncertain system ẋ = Ax is asymptotically stable for all such matrices A iff A0 has all its eigenvalues in the open left-half plane and for all frequencies ω ∈ R we have that Iq − m∑ i=1 δiAi(jωIq − A0)^{−1} is nonsingular ∀|δi| < 1. (10)

The above condition (10) is a low-rank μ problem. To see this define Δ = diag (δ1Iq, . . . , δmIq) and define the tall matrices P and Qω as

P = Iq . . Iq , Qω = A1 . . Am (jωIq − A0)^{−1}.

This way the matrix Iq − ∑_m i=1 δiAi(jωIq −A0)^{−1} of (10) can be written as Iq −P^∗ΔQω. By the determinant rule det(I −AB) = det(I − BA) it now follows that (10) holds for all frequencies iff with respect to structure X = diag (RIq , . . . , RIq ) we have μX(QωP^∗) < 1 for all frequencies ω ∈ R. The matrix M := QωP^∗ is qm × qm but only has rank q.

In general, robust nonsingularity of the n × n set In −^1_α BXQP^∗ is the same as robust nonsingularity of the “smaller” q × q set Iq − P^{∗ 1}_α BXQ. The obvious question is whether or not the multiplier method applied to the smaller Iq − P^{∗ 1}_α BXQ provides a more conservative upper bound of μX(QP^∗) than ^μX(QP^∗). They are equivalent:

Theorem IV.2: Let M = QP^∗. The following four upper bounds of μX(M) are the same.

^μX(M) := inf{α > 0 : ∃C s.t. He C(In −^1α BXM) > 0 }, ^μX,2(P, Q) := inf{α > 0 : ∃C2 s.t. He C2(Iq − P^{∗ 1}α BXQ) > 0 }, ^μX,3(P, Q) := inf{α > 0 : ∃C3 s.t. He (Iq − P^{∗ 1}α BXQ)C3 > 0 }, ^μX,4 := inf{α > 0 : ∃C4 s.t. He (In −^1α BXM)C4 > 0 }.

Proof: We prove in four steps that ^μX≤ ^μX,2 = ^μX,3 ≤

^μX,4 = ^μX, which shows they are all equal.

(^μX ≤ ^μX,2): Suppose α > ^μX,2 and that C2 satisfies

He C2(Iq − P^{∗ 1}_α BXQ) > 0. Consider C := P C2P^∗ + εEE^∗ with E and ε yet to be determined. Then C(In − ΔM) = (P C2P^∗ + εEE^∗)(In − ΔQP^∗) = [ P E ] [ C2(Iq − P^∗ΔQ) 0 −εE^∗ΔQ εI ] [ P^∗ E^∗ ] . Therefore its Hermitian part equals He C(In − ΔM) = [ P E ] [ He C2(Iq − P^∗ΔQ) −^ε_2 Q^∗Δ^∗E −^ε_2 E^∗ΔQ εI ] [ P^∗ E^∗ ] . (11)

For any E for which [ P E ] has full row rank there is a small enough ε > 0 such that (11) is > 0 for all Δ ∈^1_α BX. Hence

^μX< α. Since this can be done for any α > ^μX,2 we have that ^μX≤ ^μX,2._{(^μ}X_{,2 = ^μ}X_{,3): Take C3 = C−∗2 .} (^μX,3 ≤ ^μX,4): Suppose α > ^μX,4 and that C4 satisfies

He (In −^1_α BXM)C4 > 0. Consider C3 := P^∗C4P + εE^∗E with E and ε yet to be determined. Then (Iq − P^∗ΔQ)C3 = (Iq − P^∗ΔQ)(P^∗C4P + εE^∗E) = [ P^∗ E^∗ ] [ (In − ΔM)C4 −εΔQE^∗ 0 εI ] [ P E ] . Therefore its Hermitian part equals

He (Iq − P^∗ΔQ)C3 =

[ P^∗ E^∗ ] [ He (In − ΔM)C4 −^ε_2 ΔQE^∗ −^ε_2 EQ^∗Δ εI ] [ P E ] . (12)

For any E for which [ P^∗ E^∗ ] has full row rank there is a small enough ε > 0 such that (12) is > 0 for all Δ ∈^1_α BX. Hence ^μX,3 < α. Since this can be done for any α > ^μX,4 we have that ^μX,3 ≤ ^μX,4.

(^μX,4 = ^μX): Take C = C^{−∗}4 .

The equivalence of ^μXand ^μX,4 shows that flipping the multiplier to the other side of the nonsingularity set has no effect on the upper bound it induces. A further variation of the multiplier method which is easily verified is that ^μX(QR^{−1}P^∗) equals

inf{α > 0 : ∃C5 such that He C5(R − P^{∗ 1}_α BXQ) > 0 }.

Example IV.3: Consider Example IV.1. For a fixed frequency ω, the upper bound ^μX(QωP^∗)—which involves a qm × qm multiplier—is the same as the infimal α > 0 for which a C5 ∈ C^{q×q} exists such that He C5[(jωIq − A0) − m∑ i=1 δiAi] > 0 for all δi ∈ [−^1_α ,^1_α ].

The equivalence of the various multiplier upper bounds generally breaks down if In − ΔM or Iq − P^∗ΔQ is replaced with one that no longer depends affinely on Δ. For example, we know that In − ΔM is nonsingular iff det(In − ΔM) is nonzero. However the existence of a multiplier C for In − ΔM satisfying (3) does not necessarily imply that a scalar c exists such that

He c det(I −^1_α BXM) > 0. (13)

As an example, suppose we have X = [ R 0_0 R ] and M = [ 2j 0 0 2j ] .

Then μX(M) = ^μX(M) = 0 because for any α > 0 we have He (I2 −^1_α BXM) = {I2} > 0. However, for, say, α = 1 we can not find a c that satisfies (13) because for the four Δs Δ = [ ±1 0 0 ±1 ] ∈^1_α BX

the determinant det(I −ΔM) = (1±2j)(1±2j) takes the values −3 ± 4j and 5 (twice) and these do not lie in one half-space { s : θ + π/2 > arg s > θ − π/2 }. It is an important asset of the multiplier method that it can exploit the low rank properties of M. The reduction in size when going from the n × n matrix In − ΔM to the equivalent q × q matrix Iq − P^∗ΔQ is most extreme if M = QP^∗ has rank 1. Lemma IV.4: ^μX(M) = μX(M) if M has rank 1.

Proof: Let P and Q be column vectors such that M = QP^∗. By Theorem IV.2 we have that ^μX(M) = ^μX,2(P, Q). Suppose α > μX(M). Then by definition of μXall members of 1 − P^∗(^1_α BX)Q are nonzero. Since 1 − P^∗(^1_α BX)Q is convex it must, therefore, lie in some half-space { s : θ − π/2 < arg s < θ + π/2}. Then

He e^{−jθ}(1 − P^{∗ 1}_α BXQ) = Re e^{−jθ}(1 − P^{∗ 1}_α BXQ) > 0,

so that ^μX,2(P, Q) < α. Since this holds for any α > μX(M) the result follows.

Young [19] showed that also (D, G)-scaling is exact for rank 1 matrices M. The multiplier method is also exact if X = C^{n×n} in which case we can simply take the multiplier to be the identity.

V. Continuity

In typical robust stability applications the nonsingularity property that needs to be tested is

I −^1_α BXH(jω) is nonsingular for all ω ∈ R ∪ ∞ ? (14)

In other words, checking at each frequency ω whether or not

μX(H(jω)) < α. This is usually impossible and one has to rely

on a finite frequency grid. The problem however is that μXand also ^μXand νXare discontinuous which greatly impairs the use of gridding.

Example V.1: Suppose X = R. If x is a real then μX(x) = |x|.

μXis discontinuous because for every (arbitrarily small) y ≠ 0

we have that μX(x + jy) = 0. Since μX= ^μX= νXfor this case (See Lemma IV.4) also ^μXand νXare discontinuous.

Generally μX(H(jω)) and its upper bounds are discontinuous at some isolated frequencies only. An even more severe discontinuity problem that can occur is that the infimal α for which (14) holds true may be discontinuous as a function of H (measured in, say, the H∞ norm). This problem was first demonstrated in [10] and subsequently rigorously studied in [3]. The multiplier method upper bound can be adjusted—at the expense of worsening the bound—to one that is continuous:

Lemma V.2: Let η be some (small) positive number < 1. If the multiplier C in (4) is restricted to the convex set ‖C‖ < 1 and He C > ηI, (15) then C has condition number less than 1/η and ^μXis continuous: |^μX(M + E) − ^μX(M)| ≤^1_η ‖E‖. (16) The proof is trivial. Note that the condition ‖C‖ < 1 alone has no effect on the upper bound ^μX(M) since the multiplier may be scaled to be like that. Secondly note that any feasible multiplier C is nonsingular and satisfies He C > 0. However as the bound α approaches its optimal value ^μX(M) the associated feasible multiplier C may become ill-conditioned in the sense that He C approaches a singular matrix. An advantage of the continuity condition (16) over that of Lee and Tits [13] is that (16) is a Lipschitz continuity condition with known Lipschitz constant 1/η.

Example V.3: Suppose the multiplier C is restricted to (15) for some 0 < η < 1. For X = R it may be verified that ^μX(x + jy) = max{0, |x| − |y| √_{1−η2} η }, (cf. Example V.1.)

The LMI (15) is easily incorporated in the convex upper bounds of Fan, Tits and Doyle [9] and Fu and Barabanov [11] as all of them generate a feasible multiplier C. (The condition (15) is also an LMI in (D, G) if we use C = α^2D + jM^∗G.)

References

[1] V. Balakrishnan, Y. Huang, A. Packard, and J. Doyle. Linear matrix inequalities in analysis with multipliers. In Proc. American Control Conference, pages 1228–1232, 1994.

[2] B. R. Barmish and H. I. Kang. A survey of extreme point results for robustness of control systems. Automatica, 29:13–35, 1993.

[3] B. R. Barmish, P. P. Khargonekar, Z. C. Shi, and R. Tempo. Robustness margin need not be a continuous function of the problem data. Systems & Control Letters, 15:91–98, 1990.

[4] S. Boyd, L. El Ghaoui, E. Feron, and V. Balakrishnan. Linear Matrix Inequalities in System and Control Theory. SIAM, Philadelphia, 1994.

[5] R. D. Braatz, P. M. Young, J. C. Doyle, and M. Morari. Computational complexity of μ calculation. IEEE Trans. Aut. Control, 39(5):1000–1002, 1994.

[6] R.W. Brockett and J.C. Willems. Frequency domain stability criteria–part I. IEEE Trans. Aut. Control, 10:255–271, 1965.

[7] R. Y. Chiang and M. G. Safonov. User’s Guide, Robust Control Toolbox.

The MathWorks, Natick, Mass., USA, 1992.

[8] J. C. Doyle. Analysis of feedback systems with structured uncertainties.

IEE Proc., Part D, 129:242–250, 1982.

[9] M. Fan, A. Tits, and J. Doyle. Robustness in the presence of joint parametric uncertainty and unmodeled dynamics. IEEE Trans. Aut. Control, 36(1):25–38, 1991.

[10] M. Fu. Polytopes of polynomials with zeros in a prescribed region. In M. Milanese, R. Tempo, and A. Vicino, editors, Robustness in Identification and Control. Plenum Press, 1988.

[11] M. Fu and N. E. Barabanov. Improved upper bounds of the mixed structured singular value. Technical Report EE9461, University of Newcastle, Australia, 1994. Also appeared in Proc. IEEE Conf. Decison and Control, New Orleans, LA, December, 1995, pp. 3115–3120.

[12] P. Gahinet and A. Nemirovsky. LMI Lab—a package for manipulating and solving LMIs, 1993. Preprint.

[13] L. Lee and A. Tits. On continuity / discontinuity in robustness indicators.

IEEE Trans. Aut. Control, 38(10):1551–1553, 1993.

[14] J.H. Ly, M.G. Safonov, and R.Y. Chiang. Real/complex multivariable stability margin computation via generalized Popov multiplier–lmi approach. In Proc. American Control Conference, pages 425–429, 1994.

[15] Y. Nesterov and A. Nemirovsky. Interior Point Polynomial Methods in Convex Programming. SIAM, Philadelphia, 1993.

[16] A. Packard and J. Doyle. The complex structured singular value. Automatica, 29(1):71–109, 1993.

[17] S. Poljak and J. Rohn. Checking robust nonsingularity is np-hard. Math.

Control, Signals and Systems, 6:1–9, 1993.

[18] V.M. Popov. Absolute stability of nonlinear systems of automatic control.

Automat. Remote Control, 22:857–875, 1962.

[19] P. M. Young. The rank one mixed μ problem and ’Kharitonov-type’ analysis. Automatica, 30(12):1899–1911, 1994.

[20] P. M. Young, M. P. Newlin, and J. C. Doyle. Practical computation of the mixed μ problem. In Proc. American Control Conference, pages 2190–2194, 1992.